INTRODUCTION
Distributed piezoelectric sensors and actuators have been the focus of recent research[l]- [7] . Coupling control strategies, based on energy exchange between two coupled systems, have been studied extensively [8] - [ll] as a means of utilizing piezoelectric sensors and actuators for vibration control. These studies have demonstrated theoretically and experimentally that the linear coupling control (LCC) strategy is more effective than traditional control methods for the vibration control of a single degree of freedom system. Research on coupling control has largely focused on the vibration control capacity at the resonant frequency of single-degree of freedom systems. When an LCC is added to the plant new poles and zeros are added to the system consisting of the plant and controller. This coupled system will have new resonant peaks in the vicinity of the original resonant frequency.
One idea regarding the application of LCCs to vibration control of multi-degree of freedom systems is to design an LCC for each mode and to use superposition to suppress the vibration of the whole system [9] . However, in distributed parameter systems modal coupling is a frequently encountered [7] and this method does not work well in practice (e.g., Liu[l5] ). This paper covers the development of an algorithm for designing more effective LCCs for the control of multi-mode vibration. The resulting controller will be referred to as the OPT controller. Based on the analysis of the plant and its controller, it will be shown that the desired controllers can be designed by solving an optimization problem. For purposes of example, the method is applied to a thin plate that is partially clamped on one edge. To demonstrate the effectiveness of the OPT controller, it will be compared to an energy monitoring algorithm (EMA) [8] controller and to a nonlinear controller [9] . Figure 1 shows a multi-degree-of-freedom system controlled by LCCs which are represented as equivalent stiffness, mass and damping elements kci, c", mci. yci denotes the ith coupling term between the controller and the plant. The dynamic equations of the coupled system are I I Multidegree of freedom system where a subscript c refers to the controller, a subscript p refers to the plant, and i ranges over 1.. . n for each of (1) and (2). Hence, xci is the response of the ith controller, cp and &i are the damping ratios of the plant and controllers, wp and wci represent the natural frequencies of the plant and controllers, yCi are positive controller gain constants, ~j are the modal coordinates, /3i is the ith modal factor which is determined by the position of the actuator, and
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Fi is the ith modal external excitation force.
Previous studies [9]-[11] have shown that energy exchange will be maximum when wc = up. Therefore, there are two parameters 7 and cc to be determined for each mode in the controller design and, a total of 2n parameters to be determined for a system with n modes. 
A . Controller Design
Equations ( Since the system is time invariant, its response can be expressed as[13]
where G(t -T) is the impulseresponse matrix and
Suppose A and @ represent the eigenvalue matrix and eigenvector matrix of A, i.e., AiP = A@ and X i =-
is the ith eigenvalue of A. Then (6) can be written as
where Ci = cos Clit and Si = sinnit for i {1,2}. In (8), each mode may be solved separately and the total response of the closed loop system is the summation of the responses of each mode weighted by its model shape. The damping ratio of each mode, which corresponds to the real part of an eigenvalue of matrix A, dominates the transient response of the mode. Both the controlled residual amplitude of forced vibration and the decay rate of the controlled transient responses are mainly determined by the maximum modal damping ratio. We also conclude that minimizing the maximum real part of the eigenvalues can optimize the controller's performance. The best control performance is obtained by finding the values of and 7ci to m i n i i e the maximum real part of the eigenvalues. 
B. Relationship Between Parameters and Performance of
In this section a fourth order system is used as an example to numerically investigate the relationship between the parameters and the performance of LCCs.
The natural frequencies and damping ratios of the example system are wpl = 15 s-l, wp2 = 45 s -l , cPl = 0.001, and Cp2 = 0.001 respectively. To see the effect of the parameters on the performance of the LCCs, one parameter is varied at a time, and the eigenvalues of the closed system are calcu- In Figures 2-3 , the damping ratio and gain of the controller for the second mode are kept constant. Eigenvalues for which the real part is less than -15 are not shown in the figures. As discussed before, the characteristics of the closesystem are dominated by the maximum real part. The minimum value of the maximum real part corresponds to the best control effect. For different damping ratios, the minimum value appears at different gain8 of the controller. For example, the minimum value occurs at has an effect on A1 and XO but yc2 affects all of XI, XZ, A3 and X4. Figure 6 shows the variations of the maximum real parts of the eigenvalues of the system. If the value is greater than 0, it is set to 0 because the system is unstable.
The number in the curve in the contour map indicates the maximum real part. In the contour map, the outside curve in the right upper corner indicates the stability boundary of the closed system. The curve is almost a straight line.
SYSTEM MODELLING
To derive the equations governing the vibration and control of plate structures using piezoelectric actuators and
LCCs it is assumed that the transverse bending oscillation dominates the plate motion, that the in-plane twisting piezoelectric constant is insignificant, that the piezoelectric actuator is much thinner than the plate, and that the piezoelectric element is perfectly bonded to the surfaces of the plate. Under these assumptions the effect of the piezoelectric actuator on the plate can be assumed to be equivalent to a linearly distributed moment along the edge of the piezoelectric patch. The equation for the plate from 211 to 2 1 2 and y11 to y12 and from 221 to 2 2 2 and from y21 to y22. Then T1 and Ta can be defined as
Where U' is a unit step function and YO is Young's moclulus of the PZT patches; d31 is the piezoelectric strain comitant and r = (h+ ha) where ha is the thickness of a PZT patch. The feedback strain signal is measured at ( 2 0 , yo) in the X direction and is fed into the controller after multipliciation by a gain VI. The dynamic equation of a controller cain be written a8
x 10.
Gain of Controller 1
Combining (l), (2), and (16) gives 2n equations for the closed loop system with n controller equations of the form DV4u3 + phii3 + ~4 3 = VTTl + VTTa (13) where D = Y0h3/12/ 1 -v2) is the plate bending stiffness; mass density of the plate, U is Poisson's ratio; c is the damping coefficient and h is the thickness of the plate. TI and Ta are distributed moments produced by the two PZT patches. Based on the modal expansion technique, the dynamic response can be assumed to be V is the Laplacian; Y 6 is Young's modulus; p is the volume n where Uj(z, y) is the mode shape function of the jth mode and zpj(t) is the modal co-ordinate. Substituting ~3 ( 2 , y, t ) into (13) and simplifying yields
The two integration terms on the right side of equation (14) Figure 7 shows the experimental 70cm x 60cm x 1. 6" copper plate with the control diagram. The plate is partially clamped at its upper edge; the clamp is labeled as the steel cuboid. The filter is a Butterworth 5-75 s-' band pass filter designed so that there is minimal phase shaft (experimentally determined to be at most 9.5"). The two pairs of PZT patches are attached, with their edges parallel to the edges of the plate, to form two actuators. The left pair are used to excite the plate and the right pair are used to eliminate the vibration. The signal generator produces a sweep sine signal from 5 s-' to 75 s-l with a sweep time of 600 s to ensure that the vibration of the plate reaches steady state before its vibration response is recorded. A strain gauge is used to provide a feed back signal. The signal is fed into the band pass filter to eliminate the DC: and high frequency noise and is then input into the controller.
Iv. CONTROLLER DESIGN AND SIMULATION

A. Ezpen'mental Set-up
B. Single Mode Vibration Control
Substituting the modal parameters of the first mode of the plate [15] into equation is equal to its natural frequency. The pink line indicates the frequency response of the plant when the EMA controller is used. This controller suppresses the vibration amplitude ratio from 0.45 to 0.0045 at the resonant frequency but its performance worsens aa the excitation frequency drifts from the resonant frequency. There are two resonant peaks with amplitudes of 0.17 and 0.14 appearing at 13.5 s-' and 16.5 s-'. Comparing this response with the uncontrolled response, it is seen that the EMA controller can only reduce the amplitude ratio 50% in the frequency range from 0 to 30 s-'. The red line represents the response with control using the non-linear controller. The non-hear controller eliminates 85% of the vibration amplitude ratio at the resonant frequency but is unable to suppress vibration outside a very narrow band around the resonant frequency. For example, when the excitation frequency drifts to 15.5 s-', the response of the plant becomes larger than that with-out control. The non-linear controller has lost its ability to control vibration although the excitation frequency has only varied by 3.3%. In addition, this controller induces an unexpected sub-harmonic resonant vibration at 7.5 8-I. The green line, denoted by a series of dots, is the response of the plant controlled by the OPT controller. The maximum response occurs at 15.5 s-l and is only 6% of the maximum response of the plant without control. This controller is able to control vibration effectively over a broader frequency range. Figure 10 compares the frequency responses of the uncontrolled plant, the plant controlled by the EMA controller, and the OPT controller. For the uncontrolled plant, resonant vibration occurs at 15 s-' and its amplitude is M 0.18 V. The EMA controller produces two additional resonant peaks at 13.3 8-l and 16.4 s-'. The frequencies do not agree well with those in the simulation results ( r e fer to Figure 9 ) since the piezoelectric actuators can not supply the desired moments because of a finite charge tolerance. The peak values are 0.048 V and 0.033 V. Although the controller is able to eliminate 95% of the vibration at 15 s-l (from 0.18 V to 0.009 V), it can only remove 73% of the vibration in the frequency band from 10 8-l to 27 s-'. The OPT controller has almost the same control effect at 15 s-l and can suppress 90% of the vibration over the whole frequency band. Therefore, the linear coupling controller's performance has been improved significantly.
V. EXPERIMENTAL RESULTS
A . Single Mode Vibration Control
B. Multi Mode vibration Control
In this teat, the switch in Figure 9 was turned on to activate the second controller. The sweep sine frequency was extended to 0-65 s-' to excite the second mode. The controller parameters were set at: ye' = 72090, ye2 = -690000, (el = 0.8227 and = 0.3467. To investigate the control capacity of the LLCs, two tests were conducted: free vibration control and forced vibration control. Free response was obtained by applying an initial displacement at the free end of the plate. For the uncontrolled case, the vibration takes over 15 s to attenuate and when the LLCs were active, the oscillation disappeared after 5 seconds.
Forced vibration was excited by applying an excitation voltage to the left piezoelectric actuator. When steady vibration was achieved, the two controllers were turned on simultaneously after 25 s of excitation. The oscillation was suppressed to 95% for the first mode and 85% for the second mode. To see the control ability of the LCCs over a broad range frequency range, the frequency responses of the plate controlled and uncontrolled were measured. Compared with the uncontrolled response, the maximum response was suppressed 80% over a broad range from 5 s-' to 65 s-'[15].
VI. SUMMARY
To design a linear coupling controller which is able to control vibration over a broad frequency range and to apply the LCCs to multi-mode vibration control, an algorithm for controller design that minimizes the maximum real part of the eigenvalues has been developed and applied to the vibration control of a plate. The performance of the controller was examined by simulation and experiment and was compared with an EMA controller and a quadratic non-linear controller. Results show the controller's ability to suppress vibration over a broad frequency rangc: and demonstrates the effectiveness of the algorithm. For multimode vibration control, each mode needs a LCC to dissipate its vibration energy. The gain and damping ratio dominate the performance of the controller. The parameters of the controllers for higher modes affect the performance of the controllers for the lower modes. The results show that the previous linear and non-linear coupling controllers can only control the vibration at the resonant frequency and they quickly lose their control ability when the excitation drifts from the natural frequency. The OPT controller is able to control vibration effectively over a broader frequency range.
